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In Ref. [1] it was proposed an analytic form to describe the boundary of an
axisymmetric plasma. The form determines analytically smooth boundaries, e.g. D-
shaped ones, and numerically boundaries having an X-point. Here we propose an
alternative form describing boundaries with X-points fully analytically.
The two coordinates are (R, z) and they are normalized with respect to the major
radius R0. For example for ITER we have R0 = 6.2m. The boundary is up-down
asymmetric and it consists of a smooth upper part and a lower part possessing an X-
point. For the upper part we have four parameters. One is the inverse aspect ratio
ǫ0 = a/R0. For example in the case of ITER it is a = 2.1m and thus ǫ0 = 0.338. The
other three are the upper elongation κ, the upper triangularity δ and a parameter n
related to the steepness of the triangularity of the upper boundary curve, i.e. to the
mean value of the derivative dρ/dθ [see Eqs. (1) and (2) below]. For the ITER case
it is κ = 1.86 and δ = 0.5. Introducing the normalized coordinates ρ = R/R0 and
ζ = z/R0, we have for the ζ coordinate of the uppermost point (see Fig. 1): ζu = κǫ0
and δ = (1− ρδ)/ǫ0.
The form for the upper part of the boundary is given by
ρ = 1 + ǫ0cos(τ + αsin(τ))
ζ = ζusin(τ) (1)
where α = sin−1(δ). Thus the following relations hold: ρδ = 1− δǫ0 and
θδ = π − tan
−1(κ/δ). The parameter τ is any increasing function of the usual polar
angle θ, satisfying τ(0) = 0, τ(π) = π and τ(θδ) = π/2. In our form we have taken
τ(θ) = t0θ
2 + t1θ
n
t0 =
θnδ −
1
2
πn
πθnδ − θ
2
δπ
n−1
t1 =
−θ2δ +
1
2
π2
πθnδ − θ
2
δπ
n−1
(2)
The uppermost point of the bounding curve has coordinates (ρδ, ζu).
Comment on the paper ‘An analytic functional form...’, PPCF 55 (2013) 095009 2
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
*
ρ
ζ (1+ε0)(1−ε0)
ζ
u
ρδ
θδ
PX(ρX,ζX)
Figure 1. The boundary of an axisymmetric plasma having a saddle point, PX , as
determined by Eqs. (1), (3) and (4) containing six shaping parameters.
Now we consider the lower part of the boundary which is located at the ζ < 0-part
of the plane. It depends on two additional parameters, namely the lower elongation
κ¯ and the lower triangularity δ¯. In terms of these parameters we have ζd = κ¯ǫ0 and
θ¯δ = π − tan
−1(κ¯/δ¯), where −ζd corresponds to the X-point. The equation for the
left-lower part of the bounding curve, with respect to the X-point, is given by
ρl = 1 + ǫ0cos(θ)
ζl = − [2p1ǫ0(1 + cos(θ)]
1/2
p1 =
ζ2d
2ǫ0(1 + cosθ¯δ)
, (π ≤ θ ≤ 2π − θ¯δ) (3)
while that for the right-lower part is given by
ρr = 1 + ǫ0cos(θ)
ζr = − [2p2ǫ0(1− cos(θ)]
1/2
p2 =
ζ2d
2ǫ0(1− cosθ¯δ)
, (2π − θ¯δ ≤ θ ≤ 2π) (4)
The coordinates of the X-point are (ρX , ζX) = (1+ǫ0cosθ¯δ,−ζd). At the midplane ζ = 0
the upper and the right- and left-lower parts of the boundary meet smoothly, that is
the derivative dζ/dρ is continuous there.
In summary, alternatively to the numerical functional-form determination of the
boundary of an axisymmetric plasma having an X-point proposed in Ref. [1], we propose
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here a completely analytic form for boundaries of this kind. This form contains six free
parameters associated with the boundary shaping and, as the case of Ref. [1], should
be useful for studies of fusion plasmas.
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